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Two-state protein model with water interactions: Influence of temperature
on the intrinsic viscosity of myoglobin

Audun Bakk*
Department of Physics, Norwegian University of Science and Technology, NTNU, NO-7491 Trondheim, Norway
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We describe a single-domain protein as a two-state system with water interactions. Around the unfolded
apolar parts of the protein we incorporate the hydration effect by introducing hydrogen bonds between the
water molecules in order to mimic the ‘‘icelike’’ shell structure. Intrinsic viscosity, proportional to the effective
hydrodynamic volume, for sperm whale metmyoglobin is assigned from experimental data in the folded and in
the denaturated state. By weighing statistically the two states against the degree of folding, we express the total
intrinsic viscosity. The temperature dependence of the intrinsic viscosity, for different chemical potentials, is in
good correspondence with experimental data@P. L. Privalovet al., J. Mol. Biol. 190, 487 ~1986!#. Cold and
warm unfolding, common to small globular proteins, is also a result of the model.
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I. INTRODUCTION

Proteins are macromolecules consisting of thousand
atoms. Despite their complexity, Privalov and Khechina
vili @1# showed by a van’t Hoff analysis that several sm
globular proteins (,200 residues! are nearly a two-state sys
tem, i.e., either the protein is thermodynamically stable in
folded ~native! state, or it is stable in the unfolded~denatur-
ated! conformation.

Proteins are in a compact native state around physiol
cal temperatures and natural chemical environments. An
crease of the temperature denaturates the protein, whic
quite intuitive from a physical point of view, e.g., thinkin
about thermal expansion of materials. But, what is rat
surprising is that some proteins lose their stability at s
physiological temperatures@2–4#. This is called cold dena
turation.

In this work we apply a simple two-state description fo
protein, which is a reformulated version of a model propos
by Hansenet al. @5# and Bakket al. @6,7#. In the denaturated
state water is allowed to access the unfolded regions of
protein. The water molecules in this hydration shell are
signed a bending energy in order to mimic the ‘‘frozen
structure around an apolar surface@8#. By means of statistica
mechanics we calculate an order parameter, which we a
in an expression for theintrinsic viscosity~IV !. The IV is
proportional to the effective hydrodynamic volume of a ma
romolecule@9#, and isnot equivalent to theinternal viscosity,
where the latter describes a resistance to extension or c
pression of a macromolecule@10#. Finally we compare the
model with experimental data from Privalovet al. on sperm
whale myoglobin@3#.

II. PROTEIN MODEL

To first approximation, a small single-domain globul
protein may be regarded as a two-state macroscopic sy
@1,11#. However, as shown in Ref.@6# the folding of such a
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protein can be regarded as a multiple process, i.e., a hie
chical folding of M contacts@12#, and still be a two-state
system from a thermodynamical point of view. Analogous
Zwanzig @13# we assign binary variablesC jP$0,1% corre-
sponding to an open~unfolded! and closed~folded! contactj,
respectively. The hierarchical folding implies the constrai

C j>Ck , k> j ~1!

simply because contactj <k cannot unfold whilek is folded.
This can further be parametrized by a second set of bin
variablesj jP$1,2B%. Thej j variables may be interpreted a
a simplified representation of the dihedral angles@9# with
only two ‘‘angles’’ accessible at each contact. Lete be the
energy gain to fold one contact@14#, and let the binary vari-
able x jP$1,2C% distinguish between the fully folded stat
(xM51) and the intermediate states (x j ,M52C), respec-
tively. The enthalpy for contact thus becomes

Ec52 i eC ij ix i , ~2!

when the unfolded enthalpy is set to zero.
In the two-state limit the intermediate states are unsta

i.e., C→`. For simplicity we assumeB→`, thus the chain-
chain enthalpy in Eq.~2! effectively becomes

Ei
c52 i ec , i P$0,1%, ~3!

which corresponds to the native state (i 51) and the dena-
turated state (i 50) for the complete protein. The protei
contact energyec is simply the sum ofM contact energiese,
i.e., ec5Me.

For simplicity we assume that the denaturated state hagc
chain-related degrees of freedom compared to the therm
namically unique native state of zero entropy. The pres
two-state model fulfills the van’t Hoff enthalpy relation a
shown in Ref.@6#, which is also experimentally establishe
for several globular proteins, myoglobin included@1#. As for
ec in Eq. ~3! gc varies little with respect to the temperatu
@15#, thus we assumegc is independent of the temperature

Solvation of a molecule in water, in analogy to prote
unfolding, is a complex affair. It includes a cavity formatio
©2001 The American Physical Society06-1
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AUDUN BAKK PHYSICAL REVIEW E 63 061906
in water, interactions between water molecules and the
face of the solute molecule, and finally a rearrangemen
the water around the solute molecule@16#. In this work we
will only consider the latter effect.

Proteins consist of apolar1 as well as polar surfaces@17#.
As a simplification, we will in this work only consider th
hydration effect upon unfolding around the exposed apo
parts of the protein. It is known from solvation of apol
substances in water that the hydration contribution to
entropy is negative, moreover, it decreases in absolute v
for increasing temperature@18#. Frank and Evans@8# attrib-
uted this to a gradual melting of an ‘‘ice shell’’ around th
apolar molecules. In analogy to this, we regard the wate
the solvation shell around the unfolded apolar parts of
protein as hydrogen bonded (HB), while upon folding th
water is expelled to the bulk, and is there regarded a
‘‘non-hydrogen-bonded liquid’’@19#.

Inspired by Pople@20,21# we define an effective bendin
energy of one individual hydrogen bond in the solvati
shell

Ei
HB~q!52~12 i !eHB cosq, qP@0,p#. ~4!

The polar angleq is the bending or distortion of a hydroge
bond as illustrated in Fig. 1. One sees from Eq.~4! that it is
enthalpically favorable to let water access the unfolded a
lar protein surfaces~i.e., i 50), otherwise, if water is ex-
pelled to the bulk we put this enthalpy to zero.eHB is a
bending distortion constant and is supposed to be of the
of breaking one mole of hydrogen bonds and transferr
them to bulk water. Ne´methy and Scheraga@19# estimated
5.5 kJ/mol for this constant, which we will apply in th
work. Water molecules in the bulk will also have intern
interactions, but with a weaker coupling compared to i
Thus, the value from Ne´methy and Scheraga is substantia
lower than the widely quoted value 18.8 kJ/mol for breaki
one mole of hydrogen bonds and transferring them
vacuum as proposed by Pauling@22#. Each individual water
molecule expelled to the bulk is assigned a degeneracygw in
order to take into account the entropy loss of solvated w

1Apolar means that the molecule exhibits no permanent dip
moment, as opposed topolar.

FIG. 1. Schematic illustration of two water molecules (A andB)
between which a hydrogen bond is bent an angleq. Only two of the
four orbitals, where the polarity is indicated byd1 and d2 , are
shown for each molecule. The hydrogen bonds are meant to m
the ‘‘icelike’’ structure of water around the unfolded apolar regio
of the protein.
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@18#. Let N be the effective number of hydrogen bonds in t
solvation shell around the apolar surfaces of the unfold
protein. Thus, the total degeneracy of the protein isg15gw

N

in the folded state due to the water degrees of freedom, w
the degeneracy of the unfolded state isg05gc due to the
chain flexibility. This yields a degeneracy corresponding
statei

gi5gc
12 igw

Ni . ~5!

The Hamiltonian for the protein is simply the sum
chain-chain enthalpies@see Eq.~3!# and protein-water inter-
actions@see Eq.~4!#

Hi~q!5Ei
c1Ei

HB~q!, ~6!

whereupon the canonical partition function becomes

Z5(
i 50

1

gie
2Ei

c/(RT)S E
0

p

dq sinqe2Ei
HB(q)/(RT)D N

5gcF2RT

eHB
sinh$eHB /~RT!%GN

1gw
Neec /(RT)2N

52Ngw
Neec /(RT)~r 11![(

i 50

1

Zi . ~7!

R58.31 J/(K mol) is the molar gas constant,T is the abso-
lute temperature, and the functionr is defined as

r[@aTe2m/Tsinh~b/T!#N, ~8!

where a[Rgc
1/N/(eHBgw), m[ec /(NR), and b[eHB /R.

The power ofN in Eq. ~7! is due to theN hydrogen bonds
that are supposed to act individually. This is a coarse sim
fication because ice is supposed to have long-range o
@21#.

In Sec. III below, which concerns the intrinsic viscosit
we will need a quantity or a measure of the degree of fo
ing. Thus, we define an order parameter2 n for the system.
According to the previous notation wherei 50 andi 51 cor-
responds to a denaturated and a native protein, respecti
we weigh the two states by the corresponding Boltzma
weightsZi defined in Eq.~7!. The order parameter become

n[

(
i 50

1

iZi

(
i 50

1

Zi

5
1

r 11
. ~9!

Up to this point the model is general, only restricted
single-domain~small! proteins exhibiting two states. Fo
positive values ofa and b, which is valid throughout this
work, r .0 is a consequence for all temperatures. Moreov

e 2Order parameterin physics is equivalent toreaction coordinate,
commonly used in chemistry and protein literature.
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TWO-STATE PROTEIN MODEL WITH WATER . . . PHYSICAL REVIEW E 63 061906
the order parameter has the following limits: limr→0n51
and limr→`n50. Thus, we have constructed an order para
eter confined to the intervalnP@0,1#, which statistically de-
scribes the degree of folding.

III. INTRINSIC VISCOSITY

We now have the ‘‘machinery’’ to describe the IV. Fir
we will calculate IV separately in the native and denatura
state. By quantifying the population of the two states by
order parameter@see Eq.~9!#, we are finally able to expres
the total IV for myoglobin as a sum of native and denat
ational IV weighed against the degree of folding.

IV is in general defined as@24#

@h#[ lim
c→0

h82h

ch
, ~10!

which is the limit of zero concentrationc of the reduced
viscosity@25#. h8 is the macroscopic viscosity~water1 pro-
tein!, h is the viscosity of pure solvent~water!, andc is the
protein concentration. For a fixed conformation IV is ind
pendent of the solution. However, the conformation w
strongly depend on the solution, e.g.,pH. Thus, in this re-
spect IV will implicitly depend upon the solution, as di
cussed further in Sec. IV.

It can be shown that IV for a compact macromolecule
arbitrary shape can be written by heuristic means as@24#

@h#15n~V̄p1dV̄w!, ~11!

wheren is the Simha factor containing all the shape dep
dence,V̄p and V̄w51.0 cm3/g are the partial specific vol
umes of protein and pure water, respectively, andd is the
hydration ratio. From Eq.~11! one sees that IV can be re
garded as an effective measure of the size of a macrom
ecule. In this work we study sperm whale metmyoglobin t
has the following data:V̄p50.75 cm3/g @9#, n52.8 andd
50.35 @24#. Thus, according to Eq.~11!, IV for myoglobin
in the nativestate~1! is

@h#153.1 cm3/g, ~12!

i.e., independent of temperature. The data, leading to
~12!, is measured at 20 °C. However, to first approximat
we assume that Eq.~12! is valid at all temperatures.

IV in the denaturated state is a bit more complicat
where wemay regard the protein as a random coil@26,27#.
Flory @28# proposed

@h#Flory5
F^r 2&3/2

M
~13!

for the intrinsic viscosity of a non-free-draining coil.F
53.6231021 is a universal constant,^r 2& is the mean-square
end-to-end distance, andM is the molecular weight. Accord
ing to the data from Privalovet al. @3# there seems to be
pronounced temperature dependence of IV in the denatur
state~see upper curve in Fig. 2!. Moreover, it is known that
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facilitation of rotational degrees of freedom in the backbo
will cause a decrease of the dimension@27,29#, hence,̂ r 2&
decreases with increase in temperature, as well. Thus,
cording to Eq.~13!, the IV also decreases. In order to inco
porate the latter effect, we do a linear regression of data
unfolded myoglobin.3 This implies the following
temperature4 dependent expression on IV ofdenaturated
myoglobin

@h#0523.620.11T cm3/g. ~14!

At 25 °C @h#0520.9 cm3/g, noteworthily close to the value
20.1 cm3/g from Tanford@26# obtained in 6 M guanidinium
HCl.

From the calculated IV of native and denaturated myog
bin in Eqs. ~12! and ~14!, respectively, we weigh the two
states by the order parameter defined in Eq.~9!. We put
native IV proportional to the degree offolding, n, and dena-
turational IV proportional to the degree ofunfolding, (1
2n), whereupon the total IV becomes

@h# tot5@h#1n1@h#0~12n!. ~15!

The two states, folded and unfolded protein, correspond
the limits limn→1@h# tot5@h#1 and limn→0@h# tot5@h#0, re-
spectively. The order parametern depends both on the tem
perature and on the chemical environments, as discusse
the section below.

IV. CALCULATIONS AND DISCUSSION

It seems to be reasonable to only incorporate hydra
effect of the first solvation shell@30,23#, according to Cohn
and Edsall@31# who state that roughly one monolayer

3Experimental data from Privalovet al. @3#.
4Temperature here and in Figs. 2 and 3 in units of °C.

FIG. 2. Temperature dependence of myoglobin intrinsic visc
ity at different chemical potentialsm. The curves are based upo
Eq. ~15! wherea52.5931023 K21 and b5662 K @19#. m1 cor-
responds to a denaturated protein, whilem4 corresponds to the na
tive state in the horizontal region between210 °C and 80 °C. Ex-
perimental~expt.! data at variouspH8s from Privalovet al. @3#.
6-3



ro

d

er
e

rs
e
in

e

s

le

a

,
di

t

or
m

ld
et

vis

on

ta.

°C.

n,
ta.
de-
elt-
nal

te
say
t

re
e-

arly
ture
ent
the

tabi-

si-

is

es
l
’s

and

’s
rtly
lphy
uc-
ions

to
as-
ich
o a
t of
n-
in

lete

the
nly
d in

d
er

AUDUN BAKK PHYSICAL REVIEW E 63 061906
water around apolar molecules is required to explain hyd
dynamic data.

If we use an estimated value 8.43103 Å 2 for the differ-
ence of the accessible surface area of the denaturated an
native apolar parts of myoglobin@15#, together with an esti-
mated value 9 Å2 for the effective surface area of one wat
molecule@23#, it is roughly 930 water molecules around th
unfolded apolar regions of a myoglobin molecule in the fi
solvation shell. Let it be effectively one hydrogen bond p
water molecule that forms or makes the ‘‘freezing action’’
the hydration shell, thusN5930 in Eq. ~8!. Note that the
latter number is theexcessnumber of hydrogen bonds in th
solvation shell compared to bulk water. Thus,N is not a very
fundamental constant, merely a rough estimate. The e
mated value ofeHB55.5 kJ/mol@19# implies b5662 K in
Eq. ~8!.

Consequently, only two parameters remain ‘‘adjustab
in the protein model@see Eq.~7!# and thus in@h# tot @see Eq.
~15!#, namely,a andm. It is likely to believe that a change in
the parameterm is equivalent to a change in the chemic
environments (pH, denaturant concentration, etc.!, because
m is proportional to the chain-chain contact enthalpyec ,
which reasonably depends upon, e.g.,pH. On the other hand
the parametera contains chain and water entropies in ad
tion to the hydrogen-bond-bending constanteHB , which are
presumably more stable parameters upon a change in
chemical environment compared tom. Thus, we call the ef-
fective parameterm the chemical potential.

In Fig. 2 we plot the intrinsic viscosity vs temperature f
different m and compare them to experimental data fro
Privalov et al. @3#. The curve corresponding tom1 exhibits
the characteristic temperature dependence of an unfo
protein. In Fig. 3, where the corresponding order param
vs temperature is plotted, one sees thatm1 corresponds to
n50 for all T, i.e., it is only@h#0 that contributes to@h# tot .
This is nothing but the temperature dependent intrinsic
cosity of a free-draining coil expressed in Eq.~14!. We note
that the assumption of linear dependence on denaturati

FIG. 3. Temperature dependence of the order parameter n
fined in Eq. ~9!. All parameters correspond to Fig. 2. The ord
parameter measures the degree of folding. Thus, form1 the protein
is folded around physiological temperatures (30 °C), while form
&m4 the protein is denaturated at all temperatures. Note thatn is
decreasing with decreasingm.
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IV in Eq. ~14! is a good approximation to experimental da
The curve corresponding tom4 in Fig. 2 is horizontal in a

broad temperature range from approximately 0 °C to 60
This corresponds ton51 as seen in Fig. 3. Thus,@h# tot

→@h#1 implying a native protein in this temperature regio
and is in fairly good correspondence to experimental da
However, in the experiments there seems to be a slight
crease of IV in the region discussed, probably due to a m
ing of the native structure analogous to the denaturatio
IV.

The curvesm2 andm3 in Fig. 3 have both maximan,1,
thus only afraction of the proteins are native. Here we no
that an intermediate value of the order parameter, let us
n50.8, doesnot mean that the protein is partly folded, bu
meansstatistically that 80% of an ensemble of proteins a
folded, while 20% are unfolded. Actually, the curves corr
sponding tom2 andm3 is a crucial test of the validity of the
model, because the corresponding experimental data cle
deviates from a straight line, as a consequence of the mix
of native and denaturated proteins that contribute to differ
intrinsic viscosities. In sum, our model seems to resemble
experimental data quite well.

The curve corresponding tom4 in Fig. 2 exhibits the char-
acteristic temperature dependence of cold and warm des
lization. This is better seen in Fig. 3, wherem4 corresponds
to a native protein in an intermediate region around phy
ological temperatures (210 ° –80 °C), while it is denaturated
outside this temperature region. Cold and warm unfolding
a common feature to small globular proteins@4,3,32#. The
specific values of the chemical potential are all aroundm
5375 K, which corresponds toec52900 kJ/mol@see Eq.
~8!#. It is interesting to compare this to the estimated valu
from Makhatadze and Privalov@15# on enthalpies of interna
interactionsDN

UH int57600 kJ/mol, where van der Waals
~vdW! interactions contributeDN

UHvdW51200 kJ/mol and
hydrogen bonding contributesDN

UHHB56400 kJ/mol. The
latter three values are nearly constant between 5 °C
100 °C. It is reasonable thatDN

UHHB.ec.DN
UHvdW, because

in addition to disruption of the internal van der Waals
bonds the broken internal hydrogen bonds are likely to pa
reappear as water-protein interactions. The latter entha
contribution is only partly because the specific water str
ture determines the possible hydrogen bond combinat
towards the protein surface.

In a future expansion of the model it may be interesting
look at the apparent decreasing dimensionality with incre
ing temperature for both native and denaturational IV, wh
is more expressed for the latter. This may be attributed t
gradual melting of the structure due to some excitemen
soft vibrational modes implying an effective smaller dime
sion @17#. If we were able to incorporate such interactions
the protein model, the parameter fit onto@h#0 and@h#1 may
then turn out to be redundant—resulting in a more comp
model.

To the author’s knowledge regarding experiments on
temperature dependence of the IV, myoglobin is the o
studied protein over such a broad temperature range an
different chemical environments as in Ref.@3#. Thus, we

e-
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hope that the present paper may stimulate experimental w
on IV for other proteins, especially those that exhibit co
unfolding, in order to check the generality of the model.

V. SUMMARY

Single-domain proteins have thermodynamically tw
stable states, the native and the denaturated@1,11#. We apply
a two-state description and incorporate the hydration ef
upon unfolding by a model that mimics the ‘‘icelike’’ she
around the unfolded apolar surfaces as an increased nu
of hydrogen bonds compared to bulk water. By means
equilibrium statistical mechanics we calculate an order
rameter~reaction coordinate! for the system, measuring th
degree of folding.

In order to express the IV we do a linear fit onto expe
mental data on myoglobin of native and denaturational
respectively. The total IV for the native state is supposed
.

r

s
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be linearly dependent on the order parameter and pro
tional to the degree of unfolding for the denaturated state

The total IV exhibits good correspondence with expe
mental data from Privalovet al. @3#. For large chemical po-
tentials the protein is native around physiological tempe
tures (30 °C), whereupon it becomes unstable at lower
well as higher temperatures. Cold and warm destabiliz
action, common to small globular proteins, is a conseque
of the model.
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